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On the Capacity of Computation Broadcast
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Abstract—The two-user computation broadcast problem is
introduced as the setting where User 1 wants message W
and has side-information W7, User 2 wants message W> and
has side-information W3, and (W1, W1, W>, W3) may have
arbitrary dependencies. The rate of a computation broadcast
scheme is defined as the ratio H(Wy, W2)/H(S), where S
is the information broadcast to both users to simultaneously
satisfy their demands. The supremum of achievable rates is
called the capacity of computation broadcast Cc;. It is shown

that C; < H(Wl,Wz)/ |:H(W1|W{) —+ H(Wlezl) —

min (I(Wl;Wz,W2’|W{),I(W2;W1,W1’|W2’)>]. For the

linear computation broadcast problem, where W1, W{, W2, W
are comprised of arbitrary linear combinations of a basis set
of independent symbols, the bound is shown to be tight. For
non-linear computation broadcast, it is shown that this bound
is not tight in general. Examples are provided to prove that
different instances of computation broadcast that have the
same entropic structure, i.e., the same entropy for all subsets
of {Wy, W], Wy, W3}, can have different capacities. Thus,
extra-entropic structure matters even for two-user computation
broadcast. The significance of extra-entropic structure is further
explored through a class of non-linear computation broadcast
problems where the extremal values of capacity are shown to
correspond to minimally and maximally structured problems
within that class.

Index Terms— Capacity, computation broadcast.

I. INTRODUCTION

N THE modern era of data science, machine learning and

internet of things, communication networks are increas-
ingly used for distributed computing applications, where mul-
tiple parties process and exchange information for various
computational tasks [1]-[8]. The changing paradigm brings
with it new challenges in network information theory. Distinc-
tive aspects of these computational communication networks
include strong dependencies between information flows and an
abundance of side-information. With a few notable exceptions
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such as [9]-[17], the communication network models most
commonly studied in information theory, in various elemental
forms ranging from multiple access and broadcast to relay
and interference networks, with and without side-information,
tend to focus on settings with independent messages. Yet,
the shared mission across network nodes in distributed
computing applications necessarily creates significant depen-
dencies, not only among message flows, but also in the side-
information available to each node based on its history of prior
computations. Within these dependencies lies the potential
for further innovations in communication and computing.
A fundamental understanding of this potential requires the
machinery of network information theory, but with a renewed
focus on information dependencies and side-information. As a
step in this direction, in this work we introduce the problem
of computation broadcast.

While in this work we restrict our attention to K = 2
users, in general we envision the computation broadcast (CB)
problem as comprised of K users (receivers) who desire
messages Wi, Wy, --- Wk, and have prior side-information
Wi, W3, - Wi, respectively. A centralized transmitter with
full knowledge of (W, W),k € [K]) broadcasts the same
information S to all receivers in order to simultaneously
deliver their desired messages. The salient feature of compu-
tation broadcast is the dependence among (W, W}, k € [K])
modeled by their joint distribution, which may be arbitrary.

The rate of computation broadcast is defined as, R =
H(Wh,--- ,Wgk)/H(S), i.e., ratio of the total number of bits
of all desired messages to the number of bits of broadcast
information S that satisfies all demands. The supremum of
achievable rates is called the capacity of computation broad-
cast, C;. The goal is to characterize Ct.

The computation broadcast problem may be seen as a gen-
eralization of the index coding problem [18], [19] that allows
arbitrary dependencies among desired messages and side-
informations. Prior works in this direction include [20], [21].
Reference [20] restricts the messages to be independent and
requires each side-information to be a linear combination of
message symbols, which is a special case of computation
broadcast. The problem formulation of [21] allows the mes-
sages to be arbitrarily correlated while the side-informations
are comprised of message symbols, which is another special
case of computation broadcast. Also, when we have K = 2
users and W{ = W5 and W3 = W, the computation broadcast
problem reduces to the classic butterfly network problem with
possibly correlated sources [22], [23].

The dependence between desired messages and side-
informations imparts a unique structural aspect to the com-
putation broadcast problem that makes it highly non-trivial.
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Structure has long been recognized as both the boon and
bane of network information theory [24]-[28]. When optimally
exploited, structure can have tremendous benefits in multiter-
minal settings, a fact underscored by recurring observations
ranging from Korner and Marton’s computation work in [24] to
the recent burst of activity in interference alignment [29], [30].
On the other hand, the random coding arguments that are the
staple of classical information theory, tend to fall short when
structural concerns take center stage, and less tractable combi-
natorial alternatives are required. Structure itself is a nebulous
concept that has thus far defied a precise understanding.
Somewhat surprisingly, these deeper themes resurface even in
the basic 2 user setting explored in this work. On the downside
this potentially makes even the 2 user computation broadcast
problem intractable in general. On the upside, the 2 user
computation broadcast presents one of the simplest arenas to
face these challenges that are of tremendous theoretical and
practical significance.

Our contributions in this paper are summarized as follows.
We start with a general converse bound for the capacity of
2 user computation broadcast,

Cop < H(WA, W)/ [H(Wl W)+ H(Wa | W)

— min (I(Wl; W, W) | W), I(Wa; Wy, W/ | Wg))} .

When the dependency is linear, i.e., when Wy, W{, Wa, W3
are comprised of arbitrary linear combinations of a basis set
of independent symbols, then this bound is shown to be tight.
However, in general the bound is not tight, and the struc-
ture of the dependence between Wy, W{, Wa, WJ, becomes
important. Recall that the dependence is completely described
by the joint distribution of (W5, W{, Wa, WJ) which can be
arbitrary. Some of this structure can be captured through
entropic constraints, i.e., the joint entropies of all subsets
of (Wq, Wy, W{, W3). One might optimistically expect that
only this entropic structure would be essential to the problem,
and furthermore that Shannon information inequalities might
suffice to characterize the optimal H (S). However, as it turns
out on both counts the optimism is invalidated. Specifically,
we show two instances of computation broadcast that have
the same entropic description, yet different capacity charac-
terizations. Evidently, extra-entropic structure matters even for
2-user computation broadcast. In order to further understand
the significance of such extra-entropic structure, we explore
a class of computation broadcast problems called ‘matching’
problems where, conditioned on each realization of the inde-
pendent side-informations W7, W3, there is a perfect matching
between the possible realizations of desired messages Wy, Wa.
For this class of problems we identify upper and lower bounds
on capacity. The bounds provide insights into certain types of
extremal structures that are either beneficial or detrimental to
capacity. The beneficial extremes are found to be maximally
structured and for these settings the capacity upper bound is
shown to be tight. Conversely, the detrimental extremes are
found to be minimally structured and for these settings the
capacity lower bound is shown to be tight. Remarkably, linear
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dependencies are maximally structured, while random coding
solutions are asymptotically optimal for minimally structured
settings in the limit of large alphabet sizes.

Notation: For a positive integer m, we use the notation
[m] = {1,2,---,m}. Bold symbols are used to represent
matrices.

II. PROBLEM STATEMENT AND PRELIMINARIES

Define random variables (w1, w},ws, w)) € Wy x Wy X
Wa x W), drawn according to an arbitrary joint distribution
Py w) wywy- All 4 alphabet sets are discrete with finite
cardinality bounded by 2fmax < o0, i.e., it takes no more than
a finite number (¢n,ax) of bits to perfectly specify any w;, w,
1€ {1,2}.

A. Complete (Structural) Formulation

The complete formulation of the computation broadcast
problem is presented as follows.

H(Wy, Wy)
R* & sup eSS RSV
g Ps\wl,wz,wl’,wz/ H(S)
such that HW, |W{,S) =0 (1)
H(Wz | W3,8) =0 )

(UAORAORUAOR D) IR C)
As indicated in (3), Wy, Wy, W], W) denote L-length
extensions of wy, wj, we, wh, ie., Wi, W{, Wy, W, are
sequences of length L, such that the sequence of tuples
(W1 (1), W{(l), Wa (1), W3(1))]E, is produced i.i.d. according
0 Py, 1w} ws,wy- Because the structure of the problem is com-
pletely captured in (3), we refer to this problem formulation as
the complete, or structural formulation. L is called the block
length. H(.S) is the expected amount of broadcast information.
Condition (1) is the decoding constraint of User 1, i.e., after
receiving the broadcast information .S, User 1 is able to decode
his desired message W; with the help of the side-information
W/, with zero probability of error. Similarly, condition (2) is
the decoding constraint of User 2. Note that H(Wy, Ws) is
already specified by the problem statement, so maximizing
Rj is the same as minimizing the broadcast cost, H(S).
The ratio H(W;,W>)/H(S) for a computation broadcast
scheme is called its achievable rate. R} is the supremum of
achievable rates for a given block length L. The supremum of
R} across all L € N, is called the capacity of computation
broadcast,

Cy = sup Ry .
LeN

“)

B. Relaxed (Entropic) Formulation

Recall that the structure of the dependence between mes-
sage and side-information random variables is defined by
Condition (3). Some of this structure can be captured in terms
of the entropies of all subsets of {wy, ws, w],wj}. Limited to
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just these entropic constraints we obtain the following relaxed
problem formulation.

— H(Wy, Ws)
R, & sup N e
N PWI,WQ,W{,WZ’,S H(S)
such that H(Wy |W!,8)=0 (5)
H(W, | W3,8) =0 ©)

H(W.) = LH(w.),
YW, C {Wl, W, Wll, WQI}
(7

o
Wi, W2, Wy, Wy ~ Pwl,wg,wi,wé (8)

where w, is obtained by replacing upper case W with lower
case w in W,. For example, if W, = (W, W3), then
wx = (wy,w}). Note that (Wy, W, W{, W}) are arbitrary
random variables that only need to satisfy the same entropic
constraints as the L-length extensions of (wi,ws,w], w}),
according to (7). In particular, it is no longer necessary
for (W, Wo, W[, W) to have the same distribution as
(w1, ws, w),wh), even for L = 1. Furthermore, since the
entropic region is a cone [31], we must have R; = R,, where
E; is the value of E*L for L = 1. Since L is a trivial scaling
factor, let us fix L = 1, and define

Cu2supR, =R, )

LeN

C¢ is of interest mainly for two reasons. First, because it
serves as a bound for Cy, i.c.,

Ces < Cos- (10)

This is true because all the entropic constraints (7) are implied
by Condition (3), so we must have R} < F*L which in turn
implies that C, < C'ry. The second reason is that the tightness
of the bound (10) reveals the extent to which capacity is
determined by structural constraints that are not captured by
the entropic formulation. This extra-entropic structure may be
a topic of interest by itself.

C. Equivalence of zero-error and e-error

While we consider the zero-error capacity formulation,
it turns out that for the computation broadcast problem, it is
not difficult to prove that zero-error capacity is the same
as e-error capacity, as stated in the following theorem. For
this theorem we use the specialized notation C?, to denote
zero-error capacity, and C¢, to denote e-error capacity.

Theorem 1: For the computation broadcast problem, zero
error capacity, C,, is equal to e-error capacity, C§,.

Proof: Since the e-error capacity is C,, for any arbitrarily
small § > 0, there must exist an e-error scheme that achieves
rate R, = C5, — 4, so that broadcasting LH (w1, w2)/R, bits
is sufficient to satisfy both users’ demands with probability
at least 1 — ¢, and ¢ — 0 as L — oo. Since the encoder
knows all messages, side-informations and decoding functions,
it also knows when either decoding function will produce
an erroneous output. In those cases, the encoder can simply
use uncoded broadcast to send both messages using no more

than 2L/, bits. One extra bit, say the first bit, is used to

3419

indicate when uncoded transmission takes place. Thus we have
a zero-error scheme, and the rate achieved is

LH(U)l, ’wg)
(1 —€)(LH(wy,w2)/Re) + €(2Llmax) + 1

Since the rate R. = C¢, — J is asymptotically achievable with
zero probability of error for any § > 0, the zero error capacity
C?,, which is the supremum of rates achievable with zero-

CB?
error, cannot be less than C¢,. At the same time, C?, cannot

CB*
be more than C¢, because allowing e decoding error cannot

hurt. Therefore, we must have C?, = C5,. |

L= p_ an

D. Introductory Examples

1) Example 1: The Butterfly Network: For our first example,
consider (wy,ws,w},w)) = (A, B,B,A), where A, B are
i.i.d. uniform over some finite field F,. This is the butterfly
network that is one of the most recognizable settings for
network coding and index coding. The solution is also well
known. The capacity is 2 and is achieved by broadcasting
S = A + B (the addition is in F,) to simultaneously satisfy
both users’ demands. The example can be generalized to
(w1, we, w],wh) where wy is a function of w) and wsy is
a function of w). In this case, we need a codeword of
H(w; | wh) bits to satisfy User 1, corresponding to the bin
index when w; is binned according to Slepian-Wolf coding
(does not need the knowledge of wj at the encoder). These
bits are known to User 2, because User 2 knows the binning
function as well as wj, and w; is a function of wj. Similarly,
we need H (ws | wh) bits to satisfy User 2, and these bits are
known to User 1. Therefore, we can choose S as the bitwise
XOR of the two codewords (padding with additional zeros
if needed so we have equal number of bits for both codes),
which satisfies both users’ demands. So the capacity for this

. _ H('w1 ,U)Q)
case is Cor = {rax(ws [w]), H(waTw])) -

2) Example 2: A Minimal Linear Dependence Setting: Con-
sider w1, wa, W, wh, all in F,, with a ‘minimal’ dependence
among them in the sense that any three of these four random
variables are independent and uniform, while the dependence
arises due to the constraint wy + wy + w} + why = 0. In this
case, the capacity is still 2, and it is achieved by broadcasting
S = w; + w), which simultaneously satisfies both users. This
example is inspired by a general capacity achieving scheme
for linear computation broadcast problems that is developed
in this work.

3) Example 3: A Binary AND/OR Problem: For our third
example, let us consider a non-linear computation broadcast
problem, where we have (wi,ws,w},ws) = (AV B, A A
B, A,B), and A, B are independent uniform binary random
variables. The notations V, A represent the logical OR and
AND operations, respectively. Thus, User 1 knows A and
wants A V B, while User 2 knows B and wants A A B.

Note that the desired message and available side-
information are not independent. Also note that in order
to satisfy User 1 alone, we need at least H(A V B|A) =
0.5 bits/symbol. Similarly, in order to satisfy User 2 alone,
we need at least HA A B|B) = 0.5 bits/symbol. But what
is the most efficient way to satisfy both users’ demands
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simultaneously? Surprisingly, 0.5 bits/symbol is also sufficient
to simultaneously satisfy the demands of both users. This is
accomplished as follows. Let us first consider block length
L =1 and let S 4 represent the value of the broadcast symbol
S as a function of the values of A and B. Now, when A = 0,
then B = 0 and B = 1 produce different values of A V B.
In order for User 1 to be able to distinguish between the two
possibilities, we must have Spg # Sp1. Similarly, when B = 1,
then A = 0 and A = 1 produce different values of A A B,
so that in order to satisfy User 2’s demand, we must have
So1 # S11. Subject to these two constraints, i.e., Sog # So1
and Sp; # Sp1 let us assign values to Ssp to minimize
the number of bits needed to send Ssp to both users using
Slepian-Wolf coding, i.e., max(H (Sap|A), H(Sap|B)). The
solution for this toy problem gives us Sap = 1 if (4,B) =
(0,1) and Ssp = 0 otherwise. Note that

H(Sap|A) = P(A=0)H(SaplA=0)
+ P(A = 1)H(SAB|A = 1)
= 0.5 bits/symbol (12)
and similarly, H(Sap|B) = 0.5 bits/symbol. Remarkably,

Slepian-Wolf coding allows us to satisfy both users’ demands
by sending only 0.5 bits/symbol. Specifically, we consider
larger blocks of length . — oo, randomly bin the 2%
realizations of S%, into 22(95%€) bins, and broadcast only'
the bin index as S which requires H(S) < L(0.5 + ¢) bits.
Because of the joint asymptotic equipartition property (AEP),
User 1 finds a unique S% 5 sequence that is jointly typical with
its side-information sequence A" with high probability, while
User 2 finds a unique S%p sequence that is jointly typical
with its side-information sequence B’ with high probability.
Thus, rates arbitrarily close to 0.5 bits per source symbol are
achievable.>? Remarkably, 0.5 bits per source symbol is also
optimal because

H(AVB|A) = P(A=0)H(AVB|A=0)

+ P(A=1)H(AVB|A=1) (13)
= 0.5H(B) + 0.5(0)

= 0.5 bits/symbol (14)

and similarly H(AA B | B) = 0.5 bits /symbol. Thus, at least
0.5 bits/symbol is needed to satisfy either user alone. Fig. 1
illustrates this toy example.

4) Example 4: A Ternary AND/OR Problem: In order to
emphasize the difficulty of the computation broadcast problem
in general, suppose we only slightly modify the example

INote that directly setting S = Sap and operating over block length
L =1isthe best solutlon for L =1, ie, R} = H(wi,w2)/H(SaB) =
H( wl, wg )/(2— 3 log,(3)). However, this is not capacity-achieving because

Cep = H(w1, UJQ% /2> R* The example shows explicitly why the problem
formulation in (1)-(2) in multl letter form (arbitrarily large L € N) cannot be
trivially single-letterized by restricting to the case L = 1.

2Slepian-Wolf coding with distributed side-information in general may need
e-error. However, in our case, since the encoder knows all messages and side-
information symbols, centralized coding allows us to achieve zero-error — for
almost all realizations of (W1, Wa, W{, Wa) the Slepian-Wolf code works,
and for the remaining e-probable realizations, we simply send out (W7, Wa),
which has negligible impact on expected rate, as € can be chosen to be
arbitrarily small.
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has A —f UD

wants (A V B)

has B — Ua

wants (A A B)

(Sap) | B=0|B=1
A=0 SOO 501 and g(]() ZZ g(]l
A=1 Si S 01 11
(Optimnl SAB) B = 0 B == ].
A=0 0 1
A=1 0 0

Fig. 1. Toy example where User 1 has side-information A and wants to
receive (A V B) while User 2 has side-information B and wants (A A B).
The optimal solution broadcasts only 0.5 bits/symbol to simultaneously satisfy
both users’ demands.

as follows. Suppose now that A, B < {0,1,2} are i.i.d.
uniform 3-ary random variables. As the natural extension of
the previous example to 3-ary symbols, let us now define AV B
as 0 if (A,B) = (0,0) and 1 otherwise. Similarly, define
AAB as 1if (A,B) = (1,1) and 0 otherwise. As before,
User 1 knows A and wants A V B while User 2 knows B
and wants A A B. Even though this problem is only slightly
modified from the previous example for which the capacity
was characterized, the capacity for this modified case seems
to be a challenging open problem.

E. Two Classes of Computation Broadcast Problems

There are two main classes of computation broadcast prob-
lems that we explore in this work — linear settings and
matching problems. These classes are defined next.

1) Class I: Linear Computation Broadcast: Because com-
putations are often linear, it is of particular interest to consider
the linear version of the computation broadcast problem,
denoted linear computation broadcast, or LCB. For LCB,
the defining restriction is that Wy, W{, Wo, WJ are arbitrary
linear combinations of a basis set of independent symbols
from a finite field. Let the basis symbols be specified through
the m x 1 column vector X = (x1;x9;---;xy;,), where
x4, € {1,2,--- ,m} are i.i.d. uniform symbols from a finite
field F,, ¢ = p”, for a prime p and an integer n. Since all
symbols are linear combinations of the basis symbols, they are
represented by m x 1 vectors of linear combining coefficients.
Each message or side-information is then specified in terms
of such vectors,

w,; = XTv, (15)
W, = X"V (16)
W, = X7V, (17)
W, = X7V, (18)
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For example, if V; is comprised of two m x 1 vectors,
ie, Vi = [V§1), VEQ)], then it means that W7 is comprised of
symbols XTVgl) , XTng), and may be represented as W =
[XTVgl), XTVéz)]. Note that the broadcast information S is
not constrained to be a linear function of the basis symbols,
although as we will prove, it turns out that linear forms of .S
are information theoretically optimal (refer to Section V).

2) Class II: Matching Problems: While we are able to
characterize the capacity of linear computation broadcast in
this work, the capacity for non-linear settings remains open
in general. In order to explore the challenges that arise
in non-linear settings, we will focus on a limited class of
non-linear computation broadcast problems, that we label as
‘matching’ problems. Here, the dependence between w; and
wy 1s in the form of an invertible function (a perfect matching,
equivalently a permutation) that depends upon w/,w}. The
dependence is minimal in the sense that each of (w],w}, wy)
and (w},w},wsy) are independent and uniformly distributed
over [m1] x [mg] x [m]. Mathematically,

(wlaw27w/17wl2) € [m] X [m] X [ml] X [mQ]v (19)
H(wy, wh, wr) = H(w)) + H(ws) + H(w:)
= logy(m1) + logy(m2) + logy(m),
(20)
H(wy, wh, wz) = H(w)) + H(ws) + H(ws)
= logy(m1) + logy(m2) + logy(m),
2D

H(wl |wl17wl27w2):H(w2 |w/1awl27w1)zo' (22)

Note that this setting includes both Example 1 and Exam-
ple 2 as special cases when the matching is reduced to a linear
mapping. We will explore how the structure of the matching
affects the capacity of computation broadcast. In particular,
we will characterize both minimally structured and maximally
structured cases that correspond to the extremal values of
capacity (refer to Theorem 5), while all other settings lie
somewhere between these extremal values.

III. RESULTS
A. A General Converse

Our first result is a general converse bound, stated in the
following theorem.

Theorem 2: [General Converse] For any computation
broadcast problem, we have the converse bound shown in (23),
at the bottom of the page.

The proof of Theorem 2 is presented in Section IV. In fact,
the bound is intuitively quite obvious. The key to the bound
is that

R; < H(Wl,m)/[H(WnW{) T H(W W)

— min (1(Wa; Wa, W3|W{), I(Was W1, W{|W2’))]

3421
which follows from the following two bounds.
H(S) = H(Wy | WY) + H(Ws | Wi, Wi, W3)  (24)
H(S) > H(Wy | W3) + H(Wy | Wa, Wy, W) (25)

For the first bound in (24), note that User 1, who already
knows W7, at least needs another H (W7 |W/) bits to decode
W1, and after everything known to User 1 is given to User 2 by
a genie, User 2, who now knows Wi, W/, W3, needs another
H(Wy|Wy, W], W3) bits to decode W5. So without the genie
we cannot need any less. The same intuition can be applied
with the users switched for (25). In fact, the basic intuition
is strong enough that the bound holds even in the relaxed
entropic formulation, so we also have

Cow < Hlws,wn)/ [H<w1|wa> T H(wsuwh)
— min (I(wl;wg,w’2|w'1),1(w2;wl,w’1|w'2))}

Finally, as discussed previously, Cc; < C is true by definition
since the entropic formulation is a relaxation of the complete
(structural) formulation of the computation broadcast problem.

What is surprising about the converse bound is that it turns
out to be tight for many settings of interest. In particular,
for the linear computation broadcast problem, the converse
bound is tight for both the entropic formulation as well as
the structured formulation, i.e., it is also achievable. For the
class of matching problems, the bound is tight for the entropic
formulation, but not necessarily for the complete structured
formulation, i.e., it is not achievable in general and the capacity
may be strictly smaller once the dependency structure of the
problem is fully accounted for. This makes sense because
the converse bound is based on only entropic inequalities,
in fact it uses only Shannon information inequalities, i.e., sub-
modularity properties, so it cannot capture more structural
constraints than the entropic formulation.

B. Capacity of Linear Computation Broadcast

Our second result shows that the bound in Theorem 2 is
tight for the linear computation broadcast problem for any
block length L. We state this result in the following theorem.

Theorem 3: For linear computation broadcast, the capacity
is shown in the equation at the bottom of the next page.

The proof of Theorem 3 is presented in Section V. Since
the converse is already available from Theorem 2, only a
proof of achievability is needed. Intuitively, the achievable
scheme is described as follows. First without loss of generality
it is assumed that W7 is independent of W, and similarly,
Ws is independent of W3, because any dependence can be
extracted separately as a sub-message that is already available
to the user, and therefore can be eliminated from the user’s
demand. The core of the achievability argument then is that

H(wl, U)Q)

Cop < Cy <

H (wnfu}) + H (wa ) — min (Twns wa, ), T(awzs wn, w) o)

(23)
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for linear computation broadcast, the problem can be parti-
tioned into 3 independent sub-problems, labeled a, b, c. Cor-
respondingly, each message is split into 3 independent parts:
W, = (W0, W;,, Wy.), i € {1,2}. The 3 partitions are
then solved as separate and independent problems, with cor-
responding solutions S,, Sy, S. that ultimately require a total
of H(S) = H(S.)+ H(Sp) + H(S.) bits. The sub-messages
Wi,, Wy, are handled analogously to Example 1, i.e., W,
is a function® of W/ while Wy, is a function of W/, so that
it suffices to send H(S,) = max(H(W1,), H(Way,)) bits
as in Example 1. The partition W1, Wy, is handled analo-
gously to Example 2, i.e., it satisfies a dependence relation
of the form W1, My, + Wo,Mo, + WiM) + WiM), = 0,
where H(W1,) = H(Wyp), M|, M, My, My, are linear
transformations (matrices) and My, Mo, are invertible. This
is solved by sending, Sy = Wo, Mo, + W/, MY, which satisfies
the demands of both users and requires H(S;) = H(Wy,) =
H(Wap) bits. Finally, the partition Wy, Wy, is trivial as it
is comprised of sub-messages that are independent of each
other and of all side-information, so the optimal solution for
this part is simply uncoded transmission S, = (W1., Wa,)
which takes H(S.) = H(W1.) + H(W2.) bits. Without loss
of generality, suppose H(W1,) > H(Wj3,). Then, the total
number of bits needed is H(S) = H(S,)+H(Sy)+H(S.) =
HWi)+H(W 1)+ H(Wi)+H(Wq.) = HW, | W)+
H(Wy | Wi, W/, W) which matches the converse bound.
Therefore H(W1,W3)/Co, = HW; | W) + HW3 |
W1, W/, WY))) in this case. Note that if we assumed instead
that H(W1,) < H(W3,) then the number of bits required
by the achievable scheme, and the tight converse bound on
H(W1,W3)/Cg (because it is achievable), would both be

equal to H(Wy | Wi) + H(W; | Wy, W, W)).
Example
Let X = [z1, %2, 73,24, 5, %6, T7)., whose elements are

1.1.d. uniform random variables in F3. Let us define
Wll = [$17$3]7
W, = [(331 + 2.132), (1‘3 + 1‘5), (.131 + x4 + J)ﬁ), .137] (26)

W), = [z, 24), Wa = [(221 + x2), x5, (T2 + T4 + 276)]
27

Splitting into a, b, ¢ sub-problems (see Section V), we have

Wi, = [J)l + 2.132] = [2.132],

Wi =[zs+ 25,21 +2a+26], Wie=[z7] (28)
Wy, = [2%1 + (EQ] = [21’1],
Woy, = [x5, 22 + 24 + 226], Wy =[] (29)

3In fact W1, may be a linear combination of both W/, WY (see (97)),
but since W/ is already known to User 1, there is no loss of generality in
restricting Wiq to be the part that only depends on WY Similarly, there is
no loss of generality in restricting W, to a function of W.
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Following the procedure in Section V we will find that W, =
[x1 + 2x2], which makes W1, a function of (W}, W}).
However, note that setting W1, = [z1 + 22| is equivalent
(‘=) to setting W1, = [2x2] because User 1 already knows
z1. In the same sense, setting Wo, = [221 + x2] is equivalent
to setting W, = [221] because x5 is already known to User 2
as side-information. Thus, without loss of generality, W,
is a function of only W), and Wy, is a function of only
W/ . Thus, sub-problem ‘a’ is analogous to the setting of
Example 1, and is solved by transmitting S, = [2z2 + 221].
For sub-problem ‘b’, note that

10 -1 0
W1b{0 2]+W2b[ 0 _1]

0 _2} + W, [0 _11} -0

10 0 30)

W [
and the matrices multiplying W1, and Wy, are invertible
matrices. This problem is analogous to Example 2 and is
solved by sending S;, = W, Mo, + WML = [—x5, —224 —
2x¢]. Finally, sub-problem ‘¢’ is trivially solved by sending
Sc = [Wi, Wy] = [z7]. Combining S,,Ss,S. into S,
we have the solution,

S = ((2.132 + 2.131), (—335), (—21‘4 — 21)5), (337))

which needs H(S) = 4 symbols from F3 per block, and the
rate achieved is R = H(W1,Wy)/H(S) = 7/4. Since this
matches the converse bound from Theorem 2, we have shown
that for this example,

€19

Cos = T/4. (32)

C. Extra-Entropic Structure Matters

Theorem 3 shows that the general converse of Theorem 2
is tight for linear computation broadcast, and the solution
of the structural formulation in Section II-A coincides with
the solution to the entropic formulation in Section II-B, i.e.,
Cos = Cy. Our next result shows that this is not the case in
general.

Theorem 4: There exist instances of the computation broad-
cast problem where Cg, < Cs. Thus, the converse in
Theorem 2 is not always tight for the general (non-linear)
computation broadcast problem, and extra-entropic structure
matters.

Proof: To prove this, we will present two instances of
computation broadcast, say CB;,CB2, that have the same
entropic formulations, so they have the same Cep. Yet,
these two instances have different structural formulations that
produce different capacities. Incidentally, both instances are
matching problems.

CB;: This instance of the computation broadcast problem is
defined by (w},w),wr,ws) € {0,1} x {0,1} x {0,1,2,3} x
{0, 1,2, 3}. The marginal distribution of each random variable

H(wl, U)Q)

H (|} + H (wa ) — min (Twns wa, ), T(awzs wn, w) )
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is uniform over its own alphabet set. Furthermore, w}, w}, w;
are independent and wy, is uniquely determined by wi, w}, wq
according to the functional relationship,

we = (w1 +2) mod 4, (33)
where z is a function of (wf,w}), defined as follows.
z |wh,=0lwy=1
W =0 0 1 (34)
wy =1 2 3
Thus, for all wi,wh € {0,1}, w1, wq € {0,1,2,3}
Pwl,w’l,wg,wé = Pw’lpwépwlpwz\w’l,wé,wl (35)
=1/2x1/2x1/4
X ]l(wg = (w1 +2) mod 4) (36)

where 1(z) is the indicator function that takes value 1 if the
event x is true and 0 otherwise. Note that given (w],w}),
there is an invertible mapping between w; and wsy, which
makes this a matching problem. The entropies of all subsets
of {w],wh,wy,wy} are found as follows.

H(wll):H( /):1, H(wy) = H(wz) =2 37
H(u,v) = H(u) + H(v), ¥{u,v} C {w},w), w1, w2} (38)
H(t,u,v) =4, Y{t,u,v} C {w], wy, wy,ws} (39)
H (w1, w],wa, wh) =4 (40)

Theorem 2 establishes a converse bound for this problem,
Co < Cgq < 2. The bound turns out to be achievable by
setting L = 1 and choosing S = (w; + 2w}) mod 4 which
satisfies both users’ demands. This is verified as follows.
User 1 obtains w; by computing w; = (S — 2w}) mod 4.
User 2 obtains wy by computing we = (S 4+ w}) mod 4,
which is possible because in this problem z = (2w} + w})
mod 4. Since H(S) = 2 bits and the rate achieved is
H(wy,ws)/H(S) = 2, the achievability matches the converse,
which proves that for CB, the capacity Cy, = 2.

CB,: CB, is identical to CB; in all respects, except that the
definition of z is slightly modified as follows.

z  |wy=0[w)=1
wi=0| 0 1
wy=3] 3 2

(41)

The change in the z does not affect the entropic formulation
of the problem. It is easily verified that the entropies of
all subsets of {w],wh, wy,ws} are still given by (37)-(40).
Since the entropic formulation is not affected we must still
C’C,,1 = CC,,2 = 2. However, the following lemma claims
that the capacity C, = #&(3) is strictly smaller than
Ces, , i.e., Theorem 4 is proved and the extra-entropic structure
reduces capacity in this case.

Lemma 1: For the computation broadcast problem CBg
defined above,

4
4 —logy(3)

The proof of Lemma 1 is presented in Section VI. |

CCBz = (42)
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D. Capacity of Matching Computation Broadcast

To gain a deeper understanding of the significance of extra-
entropic structure that is revealed by CB; and CBy, we explore
the capacity of a class of computation broadcast problems
called matching problems, which include CB; and CB; as spe-
cial cases. For matching problems we have (w1, wa, w], wh) €
[ma] x [me] x [m] x [m] where m1, ma,m € N. The tuple
(wh, wh, wq) is uniformly distributed over [m4] x [mq] x [m],
while wo is a function of w}, w), w; defined as,

wo = 7Tw’1,wé (wl) (4’3)

where 7,/ ., is a permutation on [m] that depends on the
realization of the side-information (w],w}). Distinct real-
izations of (wf,w)) may or may not produce distinct per-
mutations. 7, ., may be represented in a matrix form as
follows.

’ ’ /o
Wwpwz wy = 1|wy = 2| -|wy =mg
wy=11] ma T2 T, ma

/

wy =2 | ma1 | Tap2 T2,ma
/

Wy =M1 | Tm,,1 Ty ,2 Ty ,ma

Let this matrix be denoted by II. Specification of II completely
defines the structure of the matching computation broadcast
problem. For all w] € [mq],wh € [mo],wi,we € [m],

we have
Pwl,wi,wz,wé = Pwi Pwépwl P’wﬂwi,’wé,wl (44)
=1/m1x1/max1/mx1(wa = Ty wy(w1))
(45

Note that w}, wh, wo are independent.

Next let us introduce some definitions that are useful to
gauge the amount of structure in a given II. We begin with the
notion of a cycle, which is a closed path on an m; x mq grid,
obtained by a sequence of alternating horizontal and vertical
steps. See Fig. 2 for an illustration.

Definition 1 (Cycle): Let N > 4 be an even number.
We say that the N terms, (a1,b1), (az,b2), -+, (an,bn) €

[m1] x [m2], form a cycle of length N in [mi] X [ma],
denoted by
(al,bl) > (ag,bg) > > (aN,bN) Rl (al,bl) (46)
if both of the following properties are true Vi € [N]:
1) a; = Qi1 and bi 75 bz’-{-l if 4 is odd.
2) bi = bz’-{-l and a; 75 41 if 4 is even.
where we interpret all indices modulo N (so, e.g.,

an+y1 = ap).
Other descriptions are also possible for the same cycle. For
example, the cycle in Fig. 2 can also be identified as (5,2) <

(5,5) « (4,5) « (4,3) < (3,3) « 3,1) « (L,1) <
(1,2) = (5,2).
Definition 2 (Induced Permutation): For a cycle
(ai, b;)ie[n, we define its induced permutation as
Tra‘lvbl 7T(1_21,b27ra37b3ﬂ-(1_41,b4 e ﬂ;zi,bN (47)
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my=1 2 3 4 5
my =1 o—o0
2
3 O ?
; b 0
: 8 S

Fig. 2. A cycle, (

1,1) « (1,2) < (5,2) < (5,5) < (4,5) < (4,3) <
(3,3) « (3,1) « (1,1

).

Definition 3 (Maximally Structured): We say that II is
maximally structured if the induced permutation for every
possible cycle in [m;] x [mg] is the identity.*

Definition 4 (Minimally Structured): We say that II is min-
imally structured if the induced permutation for every possible
cycle in [m;] x [ms] is a derangement.’

Maximal structure is a generalization of the setting in
CB;. In CB; there is only one possible cycle: (1,1) «
(1,2) < (2,2) < (2,1) < (1,1), for which the induced
permutation 7y 17y %71’2}27’(27’ 1 is the identity. Minimal structure
is a generalization of the setting in CB5. For the cycle (1,1) «
(1,2) < (2,2) < (2,1) < (1,1), the induced permutation
7r1717rf5772727r2_& is a derangement.

The significance of this structure is revealed by the next
theorem.

Theorem 5: For a matching computation broadcast problem
specified by the structure II,

2logy(m)

< Cop < 2.
log,(m) + logy(myima) —logg(my +mg — 1) — =

The upper bound is tight if II is maximally structured. The
lower bound is tight if II is minimally structured.

The proof of Theorem 5 is presented in Section VII. The
following observations are in order.

1) Since maximally structured settings represent the best
case and minimally structured settings the worst case,
it is evident that structure is beneficial.

2) The proof presented in Section VII shows that the
minimally structured setting still has some (unavoidable)
combinatoric structure that is critical for the optimal
achievable scheme.

3) To contrast with the previous observation, consider the
following. Suppose m; = mo £ m’ and all alphabet
sizes grow together proportionately. Then the minimally
structured setting essentially loses all its structure and
random binning is close to optimal. To see this, con-
sider the term log,(mims) — logy(my + ma — 1).

4A permutation 7 on [m)] is the identity if and only if it maps every element
to itself, i.e., 7w[¢] = ¢ for all ¢ € [m].

A permutation 7 on [m] is a derangement if and only if no element is
mapped to itself, i.e., w[i] # i for all i € [m)].
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For large values of m/, this becomes ~ 2log,(m’) —
log,(2m’) = log,(m’)—1 = H(w})—1. So the capacity
C¢s approaches the value H (w1, ws)/[H (w1)+ H (w])]
which is achievable® by random binning. Thus, random
binning is asymptotically optimal for minimally struc-
tured instances of matching computation broadcast.

IV. PROOF OF THEOREM 2: A GENERAL CONVERSE

The converse in Theorem 2 consists of the following two
bounds.

H(S) = H(W1|W{) + H(Wa|W3) — I(Wa; Wy, W{[W5)

(48)
= H(W1|W)) + H(W,|Wy, W[, W) (49)
H(S) > H(W,|Wy) + H(W:|Wa, Wy, WY) (50)

We only need to prove (49), as the proof of (50) follows from
symmetry. The proof of (49) is presented next. Note that in the
proofs, the relevant equations needed to justify each step are
specified by the equation numbers set on top of the (in)equality
symbols.

We expand the joint entropy H (S, W1 |W/) in two different
ways. On the one hand, we have

H(S,Wi|WY) = H(S|W{)+ H(W:|W7,S) (51
(1)
< H(S) (52)
On the other hand, we have
H (S, W1|Wy) (53)
= H(Wh|W]) + H(S|Wy, W) (54)
> H(Wi|W]) + H(S|Wy, W)
- H(S|W15W1/5W27W2,) (55)
= H(W1|W1/) +I(S;W2,W2'|W17W1/) (56)
= H(Wi|WY) + H(Wa, Wy| Wy, W7)
— H(Wy, Wy|Wy, W1, S) (57)

= H(Wr|WY{) + H(W3|Wyi, W) + H(Wa|W1, Wy, Wg)

_H(WQI|W1;W1155)_H(W2|W17W1/5W2,as) (58)
QB W W) + H(Wao| Wi, Wi, W)

+ I(S; W Wy, WY) (59)
> HWh|W]) + H(Wo|Wy, W{, W) (60)

Thus combining (52) and (60), we have the desired bound (49).
The proof of Theorem 2 is complete.

V. PROOF OF THEOREM 3: LINEAR ACHIEVABILITY

Without loss of generality we will assume that W; is
independent of W, and similarly, W5 is independent of W3.
There is no loss of generality in this assumption because
any linear dependence between W; and W/, or between Wo
and W3, can be extracted separately as a sub-message that is
already available to the user, and therefore can be eliminated
from the user’s demand.

It is achieved by separately compressing and sending wi,w). User 1
directly receives wi and User 2 decodes wa = Tow! ) (w1).
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Recall that X = (z1;22; .. .; Ty ) is an mx 1 random vector,
whose elements x; are i.i.d. uniform over IF,. All entropies in
this section are measured in units of g-ary symbols. For any
matrix A € IFZ”X", we will use the notation A to denote the
set of column vectors of A.

Lemma 2: For an arbitrary m x n matrix A € F»",
H(XTA) = rank(A).

Definition 5 (Independent subspaces): Subspaces A,B C
[Fy" are independent if AN B = {0}.

Lemma 3: For arbitrary matrices A € F**"4 B €
F7>"5 the mutual information (X" A;X"B) = 0 if and
only if span(A) and span(B) are independent subspaces.
The proofs of Lemma 2 and Lemma 3 are immediate and are
deferred to the Appendix.

Define
Vla - |:VSL)7 Vgi)7 e (7l1a):| (S menla
Vo, = {Vgt)7 Vgi)7 L Vgr(iza)} F;"’Xm"' (61)
Vi, = {Vﬁ)7 ng)v e (nlb)} S menu’
Vo, = [V, V), ng;%)} eFm (62)
Vie = [V VI Vi e e,
Voo = [VE, VD, Vél”" | emmeme 63)
such that

1) Via, Vip, Vi are disjoint sets.

2) Vi, is a basis for span(V7) N span(Vy U V3).

3) Vie U Vi is a basis for span(Vy) Nspan(V{ U V4 U Va).
4) Vi, U Vi, U Vi, is a basis for span(V7).

5) Vag, Vap, Vo, are disjoint sets.

6) Vs, is a basis for span(V2) N span(V] U V3).

7) Vaq UV is a basis for span(V2) Nspan(V{ U V4 U V).
8) Vaq U Vap U Va, is a basis for span(V3).

Recall that basis vectors must be linearly independent. The
existence of such V., Vip, Vie, © € {1,2}, follows from the
Steinitz exchange lemma which guarantees that given a set of
basis vectors {p1, P2, , Pk} for a k-dimensional subspace
P, and an arbitrary m-dimensional vector space O, such
that P C Q, there exist qi, - ,qm—r € Q\P such that
{pla P2, Pk, d1,92," - ;quk} is a basis for Q.

Remark: As an illustration of this construction, consider the
example presented in Section III-B where we have,

X = [$1,$2,$3,$4,$5,$6,$7]T (64)

Wi = 21, 23], Wi = [11+229, 23+ T5, 71+ T4+ X6, T7]
(65)

W), = [w2,24], Wa = 221 + 2,5, T2 + T4 + 276] (66)

This gives us,

V/1 = [e1,e3], Vi =[e;+2e2,e3+e5 e+ ey + eq, e7]

(67)

Vi, =les,es], Vo =|[2e1 +es,e5er+es+2e5]  (68)
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and

Vi, = [e1 + 2e2],
Vi, = [es +es5,e1 + e4 + eg),

Vi, = [2e1 + €3] (69)
Vo, = [es5, ex + ey + 2eq]
(70)
Vi = [ed], A (71)
where e; denotes the i column of the T x T identity
matrix.
Next, for ¢ € {1,2} and {7,i°} = {1,2}, define W;, =
XTVZ‘a, Wi, = XTVib, W,;. = XTViC, so that

H(Wia, Wiy, Wie) = HW;) (72)

H(Wia) + H(Wi) + H(Wic) = H(W;) (73)

Nig + Nip + nie = H(W;)  (74)

H(Wiq) = nia (75)

H(Wiq | Wi, W5) =0 (76)

H(Wgy | Wi, W5) =ng 7

H(Wia, Wiy | W, W5, Wie) =0 (78)

H(Wic | W1, W5, Wie) = nic (79)
H(Wio, Wip, Wi | Wi, W5 Wi, W3) =0 (80)

(72) follows from the fact that V;, U Vj, U V,. is the basis
for the space spanned by V;, which makes W, an invertible
function of (W4, Wy, W,..). (73)-(75) follow from Lemma 2
and the fact that the n;, 4+ n;p + 14 vectors in Vi, U Vi, UV
form a basis, so they are linearly independent. (76) holds
because Vi, C span(V{ U V5), which makes W, a function
of W/, Wi. (77) holds because span(Vj;) is independent of
span(Vy U V3). This is because if a non-zero vector U €
span(V;) N span(V{ U V) then U € span(V;) and U €
span(V;,), i.e., Vi, and V;, do not span independent spaces,
so V;,UV;p UV, cannot be a set of basis vectors. Similarly, (79)
holds because V;. and V{ UV, U V;. span independent spaces
(otherwise V. and Vj; cannot span independent spaces). (78)
holds because V;, UV, C span(V{ UV, UV;e), and (80) holds
because Vi, U Vip UV, C span(Vy U VJ U V4 U Va).

Since V1, C span(V{'U V4 UVs), there exist matrices M| €
Fglxnm’ 1\/[/2 c FZLZ ><nu,’ M2a c FZLQ"'X"“’, M2b c F;Lsznu),
M. € IE‘Z?CX"”’, such that

Vi, = VIM] + ViMY) + Vo, Ma, + Vo Moy, + Vo Mo,
(81)

We will now show that without loss of generality, My, , My,
are zero matrices, and Mo, is an invertible square matrix.
Since Vg, can be expanded as a linear combination of V}
and V), and absorbed into corresponding terms in (81), there
is no loss of generality in the assumption that My, is the
zero matrix, i.e., a matrix whose elements are all zeros. Next,
without loss of generality, we can also assume Mo, is a zero
matrix because span(Va.) and span(Vy U V4 U Va, U Vi) are
independent subspaces. This is because of Lemma 3 and the
fact that Wy, is independent of (W}, W5 Wa, W1, as
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shown below.

I(Wae; Wi, W5, W, Wip)

= H(Wy.) — HWz. | W, W5, Wy, Wy;) (82)
=ng. — H(Wy | Wll, Wi, Wo,, W) (83)
< nge — H(Wo. | Wi, W5, Wy, W) (34)
=ng. — H(Wa. | Wi, W5, W) (85)
—0. (86)

(84) holds because V3, C span(Vy), which makes Wy, a
function of W3, while (85) holds because according to (78)
Wy, is a function of W), W, 'W;. Thus, without loss of
generality (81) reduces to

Vi, = VIM) + VLMY + Vo, Mo, (87)
Next, let us prove that My, is a square matrix, i.e., n1p = nagp.

I(W1; Wa | Wi, W5)

=MN1p + Nic — Nic (89)

= N1p (90)
and similarly,

I(W1; Wy | Wi, W5)

= Ngp + N2c — N2c 92)

= N2p 93)

Therefore, n1p = nop = np and Moy, is a square matrix. Next,
let us prove that it has full rank. Suppose on the contrary
that M, U = 0 for some U € F**! which is not the
zero vector. Then (81) implies that V;,U = VIM|U +
VLML U € span(Vig). But V1, U also belongs to span(Viy).
Since span(Vi,) and span(Vy,) are independent subspaces,
we must have V1, U = 0. This is a contradiction because
V1 is comprised of linearly independent vectors (because it is
a basis), and U is not the zero vector. The contradiction proves
that Mo, must have full rank, i.e., it must be invertible.
Remark: For the example presented in Section IlI-B and
matrices specified in (67) - (71), we have

Vi, = [es + e5,e1 + e + eg] (94)
01 0 -1
= [e1, €3] [1 0] + [e2, e4] [0 %2}
10
+ [e5,e2 + e4 + 2eg] [0 l] (95)
2
=V iM] + V,M, + V3, My, (96)

Without loss of generality, SuUppose n1q > ng,. Since Vi, C
span(V; UVY), there exist P € Fy 1™ P, € Fp>*™* such
that the m x ni, matrix

Vi, = V| P} + V,P). 97)

Similarly, there exist Q} € Fq' ™™, Q4 € Fy2™"™**, such that
the m X ni, matrix
=ViQ; + V5Qh.

[V2aa Omx(nlafnza):l (98)
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Note that ni, — ne, columns of zeros are appended to Vo,
to create a matrix the same size as V.

The transmitted vector S € IE‘("1“+"”+"“+"2")X1 is now
specified as

S = (XT(VQQS +V5P5), X (Vo My, + V)M)),

S(,,: 1Xniq

Sp: 1Xnqp
T
X"V, XTVy, 99)
—_——

Se: (Ixnie),(1xnae)

Remark: For the example presented in Section IlI-B and
matrices specified in (67) - (71), we have

Vie = [e1 + 2e3] = [eq, e3] H] +[e2,e4] [(2)]

=V|P| + V,P, (100)
2 1
Voo = [2€1 + e2] = [e1, e3] {0] + [e2, e4] {0]

=ViQ| +V,Q; (101)
S, = XT(VQ) + V4P,) = XT(2e1 + 2e5) = 221 + 22
(102)

Sy = XT(VyMyy + VoMY) = X7 (e5,e4 + €)
= (z5,24 + x6) (103)
S. = (XTV1,XTVy,) =XTe; = 27 (104)

Note that Sy in (103) is slightly different (in fact invertible)
from that in (31) because here the invertible matrix Myy is
absorbed into Mgy,

Let us verify that each user can recover their desired
message from S and their own side-information.

= XT(VIQ, + V4P, —VIQ, + V/P)) =XTV, = Wy,
(105)
Sy + W’lMll
= XT(VyMay + VEM), + VIMS) = X7V, = Wy,
(106)
Sa — WP, + W,LQ)
= X"(V1Q] + V5P) — V4P, + V5Q))
= X"[V34,0] = [Wyq,0] (107)
(Sp — W5HM5H) M,
= X" (VayMay, + VHM) — VL MS)M,,) = XV, = Wy,
(108)
Sc - (ch; WQC) (109)

Thus, User 1 is able to recover W1, from (S,, W) according
to (105), W1, from (S;, W/) according to (106), and W1,
directly from S.. Similarly, User 2 is able to recover Wy,
from (S,, W) according to (107), Wq, from (S;, W))
according to (108), and W, directly from S..

Finally, note that H(S) < mnig + nip + nic + Noe =
H(W,) + H(W, | Wi, W5, W) = H(W, | W)+
H(Wy | Wi, W, W) which matches the converse. [ |
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VI. PROOF OF LEMMA 1
Define the optimal normalized broadcast cost as

N H(wl,wg) . H(S)

H* = . = inf 7
Note that the infimum is over all feasible S subject to (1),
(2), (3) and L € N. Now proving C, = 4/(4 — log,(3))
is equivalent to proving that H* = 4 — log,(3). To show
that H* = 4 — log,(3) bits, we first prove a converse bound
that shows H* > 4 — log,(3) in Section VI-A, and then
an achievable scheme that shows H* < 4 — log,(3) in
Section VI-B.

(110)

A. Converse: H* > 4 — log,(3) bits

Let us start with a key observation, stated in the following
lemma.

Lemma 4: Any achievable scheme for CB, with block
length L, i.e., any Psjw, w, w; w; that satisfies (1)-(3) for the
Puyy iy, wy, specified by CBg, must have H (W7, W;|S) <
Llog,(3).

Proof: Denote the decoding functions of User 1 and User 2
by Fy; and Gyy;, respectively. The subscripts indicate that the
decoding functions depend on the side-information available
to each user. Because we require zero-error decoding, we must
have,

Fwy(S) = W, Gw; (S) = Wy (111)
& [Fu (9], =Wi(), [Gwy(S)], =Wa(l), Vi€ L]
(112)

where for a length L sequence A, [A]; denotes the [-th symbol
of A.

From (41), we note the following relationship. For any
le[L],

W) = 0= Wa(l) = (Wi(I) + Wi(1)) mod4 (113)
Wi(l) =1 = Wa(l) = (Wi(l) + 3 — Wi(l)) mod 4
(114)

We now show that conditioned on any realization of .S, and
for each index | € [L], there are only three possible values
for the tuple (W (1), W4(l)). Here is a proof by contradiction.
Suppose on the contrary that there exists some realization S*
of S and some index [* € [L] such that (W{(I*), W3(I*))
can take all 4 values in the set {(0,0),(0,1),(1,0),(1,1)}.
In particular, let A;, A> be the realizations of the length L
sequence W/ and Bj, By be the realizations of the length
L sequence W3 such that (A;(I*), A2(1*)) = (0,1) and
(B1(1*), B2(1*)) = (0,1). From (112), (113), (114), we have

W! = Ay, W} =B,

=W[(I*)=0,Wi1*) =0 (115)
Wy, @) = (W (%) +0) mod 4 (116)
U (G5, (S, = ([Fa, (S, +0) mod4 (117

Similarly, W{ = A;, W3 = B»
= [G5,()])- = (Fa (S +1) modd  (118)

W! = Ay, W} = By
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= (G5, (S)] = ([Fas(S*)];- +3—0) mod4 (119)
W| = Ay, Wy = By

=GB, (")) = ([Fa, (%)), +3—1) mod 4 (120)

Note that (117) - (118) - (119) + (120) gives us 0 = —2
mod 4, which is a contradiction. Thus, we have shown that
given any realization of S, there are at most 3% possible
realizations of (W{,W}). Using the fact that the uniform
distribution maximizes entropy, H(W{, W3 | S) < Llog,(3)
and Lemma 4 is proved.
|
Equipped with Lemma 4, the converse proof is immediate.
Let us expand H (W, W3, S) in two ways. On the one hand,

H(Wi,W3,S) = H(W{,W3)+ H(S|Wj, W) (121)
= 2L+ H(S, Wy, Wo|W{,Wy) (122)
> 2L+ H(Wy, Wo|W{, W3) (123)

Y (124)

where (122) follows from the decoding constraints, i.e., from
S, W1, W4, we can decode W7y, W5 with no error. On the other

hand,
H(W{,W,,8) = H(S) + H(W{,W;|S)

< H(S) + Llog,(3)

(125)
(126)

as shown in Lemma 4. Combining (124) and (126), we have

VLeN,  H(S)+ Llogy(3) > 4L (127)
= —HES) > 4 —log,(3) (128)
=  H=inf @ >4 logy(3).  (129)

and the proof of the converse bound H* > 4 — log,(3) is
complete.

B. Achievability: H* < 4 — log,(3) bits

Based on the alphabet, the set of possible values of
(w}, wh) is Wi x Wh = {(0,0), (0, 1), (1,0), (1, 1)}. Note that
[Wi x Wj| = 4. Consider an arbitrary sequence of subsets
W(l) € Wy x W5 such that [W(l)| = 3. First we show
that if (W7 (1), W3(l)) tuples are restricted to take values in
W(l), then sending 2L bits is sufficient to satisfy both users’
demands. This result is stated in the following lemma.

Lemma 5: For any L € N, if for all | € [L], the tuple
(Wi (), ws() € W) € Wy x W5, W()] = 3, and
the sequence W(I),l € [L] is already known to the users,
then broadcasting 2L bits is sufficient to satisfy both users’
demands.

Proof: We have 4 cases for W(I) as listed below.

1) W ={(0,0),(0,1),(1,0)}. In this case, the relationship
between Wy (1) and W1 (1) can be described as W(l) =
(W (D)+3W7{(1)4+W4(1)) mod 4 such that transmitting
S(l) = (W1 (l)+3W{(l)) mod 4 is sufficient to satisfy
both users’ demands. User 1 simply subtracts 3W{ (1)
(modulo 4) to get Wi(l), and User 2 adds Wi(l)
(modulo 4) to get W(1).
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= {(0,0),(0,1),(1,1)}. Here we have W(l) =

1(0) + W{(l) + WJ(l)) mod 4 and set S(I) =

(W (l) W1(l)) mod 4. User 1 simply subtracts W7 (1)

to get Wi (l), and User 2 adds W5 (1) to get Wa(1), all
modulo 4.

3) W = {(0,0),(1,0),(1,1)}. Here we have Wa(l) =
(Wi(l) + 3WJ(l) — W4(l)) mod 4 and we choose to
send S(I) = (W1(1)4+3W{(l)) mod 4. User 1 subtracts

3w (1) fro

2) W
(W

m S(I) to get Wi(l), and User 2 subtracts

Ws(1) from S(I) to get W(1), all modulo 4.

4 W = {(0,1),(1,0),(1,1)}. Here we have W(l) =

(Wi (D) +W{()+W5(1)+2) mod 4 and we set S(I) =

(W1(l) + W{(l)) mod 4. User 1 subtracts W7 (l) from
S(1) to get W1 (1), and User 2 adds W4 (1) +2 from S(I)
to get Wa(1), all modulo 4.

Note that in every case, for each [ € [L], S(I) is a number

modulo 4 which is represented by 2 bits, so broadcasting

2L bits is sufficient overall. The proof of Lemma 5 is thus

complete. |

The key to the achievable scheme is to send W(I) to
the users, in addition to the 2L bits that are needed once
W(l) is known to both users. To describe W(I) it suffices to
describe its complement, i.e., (W] x W5)\W(l). Equivalently,
we wish to describe to the users 1 element of W x W)
which is not the actual realization of (W{(l), Wi(l)) tuple
so that the users know that the actual realization is among the
3 remaining values. Since there are 3 values that are not the
actual realization, we have 3 choices for what to send for each
I € [L]. Overall, we have 3” choices for (W7, W}) tuples that
do not match the actual realization for any [ € [L]. We next
show that conveying one of these 3” possibilities (out of the
total 4% possibilities) requires (2 —log,(3)) L+ o(L) bits with
probability of error ¢ — 0 as L — oo. This result is stated in
the following lemma with general parameters, which will be
used again in the proof of Theorem 5.

Lemma 6: Suppose there is a set of ni’ tuples known to a
transmitter and receiver, out of which an arbitrary subset of

L tuples are designated acceptable, ny,ns € Nyng < ny.
The acceptable tuples are known only to the transmitter, and
the goal is for the transmitter to communicate any one of
these acceptable tuples to the receiver. Then there exists an
e-error scheme that allows the transmitter to accomplish this
task by sending only (logy(n1) — logy(nz2))L + o(L) bits to
the receiver.

The detailed proof of Lemma 6 is deferred to Section VI-
C. Let us present an outline of the proof here. The scheme
is based on randorn binning. Throw the nf tuples uniformly
into roughly nZ bins. Pick bin 1. Find an acceptable tuple in
bin 1 and send its index. Because there are ni bins and nZ
acceptable tuples, an € change in the exponents will guarantee
that each bin will typically get at least one acceptable tuple
with high probability. Specifying the index of the acceptable
tuple will take log,(ni/n&) = (logy(n1) — logy(na))L bits
because each bin contains approximately n¥/nf tuples.

Finally, let us summarize the overall achievable scheme
which requires a minor adjustment to make it a zero-error
scheme. For each realization of (W5, Wa, W{, W3), we use
the scheme from Lemma 6 to find and specify one acceptable
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(W{,W3) tuple, i.e., a tuple that does not match the actual
realization of (W{ (1), W5(1)) for any I € [L] to both users.
With probability 1 — ¢, an acceptable (W7, W3) tuple is found
and specified, and then we use the scheme from Lemma 5 so
that each user decodes the desired message. The total number
of bits broadcast in this case is (2 — log,(3))L + o(L) + 2L.
With probability e, we do not find an acceptable (W], W3)
tuple. In this case, we directly send (W7, W5), and the number
of bits broadcast is 8L bits. Therefore, the average number of
bits broadcast to the users is

(1—€) x[(4—1ogy(3))L+o(L)] +ex8L+1

where 1 extra bit is used to specify if an acceptable (W7, W3)
tuple is found. This implies that

(130)

H(S)<(1—¢€)x[(4—10gy(3))L +o(L)]+€x8L+1
(131)
= H* = inf @ < 4 —logy(3). (132)

The achievability proof, i.e., the proof of the bound H* <
— log,(3) bits, is thus complete. [ |
Combining the converse and achievability proofs we have

shown that H* = 4 — log,(3) bits, which implies that C,, =

H(w;,w ..
(}}* 2) 4_10‘;2(3) by definition.

C. Proof of Lemma 6
Fix L € Nand § = % such that L(1 — ¢) is an integer.

We have n! tuples and né(lf‘s) bins. For each tuple, choose a
bin index independently and uniformly over [nQL (176)]. Denote
the bin index of the i-th tuple by X;,i € [nl], so X; is
uniformly distributed over [ng La- 6)]

The number of tuples with bin index 1 is 773 =
Zie[nf] 1(X; = 1). Its expected value and variance are

computed as follows.

po=E| Y X =1)|=

i€[nt i€[ny]
L
n
= L(ll—é) (133)
Ty
r 2
ot =E|| > 1Xi=1)| | —pi
| \i€ln7]
B DR N SR TEoNt) | B
L \i€[n{] j€[ny]
= 3 E|ax =1)’]
i€[n{]
+ Y EX =D =1)]-pu (134
i#j:ivje[nl]
B nt +n%L—nf B n3t
n;u—a) n;L(l—é) n;L(l—é)
1 1
_ L
=M ( L5 2L(1—5)> (135)
U U
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From Chebyshev’s inequality, we have

Pr(Ty > (14 6)u1)

nL 1 _ 1
—d p -5
O'% 1 HQL(l ) néL(l )

T ot 52—l
n2
L(1—6)
g -1
=2 —- 136
T (136)

Therefore, for any small constant ¢, we can find a sufficiently
large L such that

Pr(Ty > (14 0)m) < /2 (137)

Consider any nf acceptable tuples. Denote the bin index for
the i-th acceptable tuple by Y;,i € [n&], and Y; is also
uniform over [ng(lfé)]. We similarly consider the number

of acceptable tuples with bin index 1, denoted as 7o =
Yicmr) L(Yi =1).

p2 = BT =ny’° 03 =E [T3] - i3

= ko1 —ny F7Y) (138)
Pr(Ty = 0) < Pr(|T2 — p2| = dp2)
| = b9
< <e/2 (139)
§2nko

The coding scheme works as follows. When the number of
tuples in bin 1, i.e., Ty > (1+0)u1, declare an error. If there
is no acceptable tuple in bin 1 (75 = 0), declare an error.
Otherwise, we send the index of any acceptable tuple. From
(137), (139) and the union bound, the error probability is no
larger than €/2+¢/2 = €, which can be made arbitrarily small
by picking a sufficiently large L.

Finally, we compute the number of bits used. Note that

§=1/VL.
logy ((1+6)p1)

log, (1 + 8) +1 ni
0gy(1 +6) + log, W

1
= Liog, (24) + VElogy(m) + logs(1 + 1)
(140)

— L(logy(n1) — logy(n2)) + o(L)

Therefore, the number of bits used matches that in the lemma.
The proof of Lemma 6 is complete. |

VII. PROOF OF THEOREM 5

For the proof, it will be less cumbersome to work with the
optimal normalized broadcast cost as defined in (110). Specif-
ically, we first prove that log,(m) bits < H* < log,(m) +
logy(mimsa) — logg(my + me — 1) bits in Section VII-A.
Then we show that the upper extreme is tight for mini-
mally structured settings in Section VII-B, and that the lower
extreme is tight if the setting is maximally structured in
Section VII-C.
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A. logy(m) bits < H* < logy(m) + logs(mima)—
logy(my + mo — 1) bits

The lower bound, H* > log,(m) bits follows immediately
from Theorem 2. The bound is quite obvious, as H* >
H (w1 |w)) = log,(m). The remainder of this section is aimed
at proving the upper bound, H* < log,(m) + logy(mims) —
logy(my + mo — 1) bits. We will construct an achievable
scheme that works for all settings of matching computation
broadcast. To this end, let us introduce some definitions along
with illustrative examples. Without loss of generality, we will
assume mq > mao.

Definition 6 (Standard Form, e-Set and o-Set): Let us att-
ach a label to each element (a;,b;),? € [m1],j € [m2] of the
IT matrix as follows. The (a;, b;) element is labelled with e if
bj = 1 or if b; = a; + 1. Otherwise, label it with o. We will
refer to this labelling of II as the standard form. The set of
(@i, b;) with label o is called the e-set and the set of (a;, b;)
with label o is called the o-set. Note that the cardinality of the
e-set is m1 + mo — 1 and the o-set is the complement of the
e-set.

For example, when m; = 3,mo = 2, the standard form
of II, e-set and o-set are shown below.

wh = 1{wh =2
/
wy=1|em 1 |em
] i : (standard form)
w; =2| My | 0 Moo
w) =3 emgq | 0w

o —set: {(1,1),(2,1),(3,1),(1,2)}
o—set:{(2,2),(3,2)}

Definition 7 (Translation): Consider any cyclic shift of the
rows and/or columns of II labelled in standard form, i.e., Vi €
[m1], the i-th row is shifted to the ((¢+21) mod mq)-th row
and Vj € [mg], the j-th column is shifted to the ((j + 22)
mod mg)-th column, i, 21 € [m1], j, 22 € [m2]. The resulting
e-set and o-set are called translations.

For example, when m; = 3, mo = 2, all possible transla-
tions of the e-set and the o-set are shown below.

where the first translation is the original standard form, and
the second translation is obtained by setting 21 = 2,20 = 2 =
0 mod 2 (rows are cyclicly shifted by 2 and columns are not
shifted).

Following the notion in geometry, translation refers to a
function that moves an object without rotating or flipping it.
Intuitively, we may think of it as replicating the standard form
grid pattern infinitely in space, and choosing any contiguous
mq X me block from that infinite grid. Such a block is a
translation.

For our achievable scheme, we will only consider the e-sets
and o-sets that can be obtained by translations of the standard
form. Such e-sets and o-sets are called regular e-sets and
regular o-sets, respectively. The importance of regular e-sets
is highlighted in the following lemma, where we show that
if (w},w}) can only take values from a regular e-set, then
sending log,(m) bits per symbol is sufficient to satisfy both
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users’ demands. Essentially, the following lemma generalizes
Lemma 5.

Lemma 7: For any L € N, if for all | € [L], the tuple
(W1 (), Wi(l)) e W(I) C [m1] x [mz], each W(I) is a regular
e-set, and the sequence W(1),l € [L] is already known to the
users, then broadcasting L log,(m) bits is sufficient to satisfy
both users’ demands.

Proof: For any L, consider an arbitrary regular e-set with
cyclic shifts z1, 29 so that the e-set contains the following
elements.

oset = {(1+ 21,14 22),(2+ 21,1 + 22), -,
(m1 +21,1 +22),(1 +21,2+22),

(24 21,34 22),-+ ,(m2a— 14 2z1,ma + 22)}
(141)

where for an element (a;,b;) € e-set, a; is interpreted modulo
my and b; is interpreted modulo mo.

We show that there exist mj + me permutations
01, sO0mys Y15 " »Ymo OVer [m] such that the following
equation holds.

Yy Ow! = Tl wy, V(w), wy) € e-set (142)

Such §;,7;,1 € [m1],j € [m2] are chosen as follows.

Choose 714, to be an arbitrary permutation, say identity.
Set 514,_21 = ')/1__&22771-&-21,1—&-22

such thatyi 12,0142 = T4z, 142,
Set Gz, = Vi, T2tzr 1420

such that 14,0242, = To4 2,142,

(143)
Set 4. =~ t x
mi+2z1 = Vi4z, Tmitz1,1422
such that V142,0m, 42 = Tmy+21,142
—1
Set Yo4z, = Mi4zy,242001 12,
such that Y2+2; 51+21 = T1421,2+22
—1
Set V342, = M242;,3+25 52+zl
such that 34 -, 52+21 = T2+421,3+22

— —1
Set Tma+zz = Tmo—142z1,mo+22%ms—142,

such that Vi, 4 2,0my—142, = Tmy—1421,matzs

where we interpret the index of §; modulo m; and the index
of «; modulo my. It is easy to verify that with the choice
of d;,7; in (143), (142) is satisfied. The choices of ¢;,y; for
any regular e-set are fixed and known globally. The achievable
scheme now works as follows.

For any realization of (Wy(l), Wa(l), W{(1), W5(1)),
we send S(I) = dwyq)(Wi(l)), which contains log,(m)
bits. Both users decode their desired messages using the
following structured decoding rule. User 1 takes the received
dwry(Wi(l)) and applies the permutation 5171/1’ (1) to obtain
Wi (l). User 2 takes the received dyy; ) (W1 (1)5 and applies
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the permutation ~yy; () to obtain

(142)

(43)
Ywyowr ) (Wi(l)) = =

mw ), wy@) (Wa(l)) "= Wa(l)

(144)

Note that (W] (1), W3(l)) € e-set. Repeating the scheme above
for all [ € [L] gives us the zero-error scheme that broadcasts
Llog,(m) bits. This completes the proof of Lemma 7. [ |

To complete the description of the general achievable
scheme we must also send some information so that for each
[ € [L], the users know one regular e-set that includes the
actual realization of (W7 (I), W3(1)), so that we can apply the
scheme in Lemma 7. Such a regular e-set is called acceptable.
For example, suppose m; = 3,mg2 = 2 and the actual
realization of (W (1), W4(1)) is (2,1). Then the acceptable
regular e-set must contain (2,1), which is indicated with a
shaded gray region below. So the only acceptable e-sets are
the following 4(= mj + ma — 1).

In general, for any realization of (W7 (1), W4(l)), let us show
that there are (my + ma2 — 1) acceptable regular e-sets. This
result is stated in the following lemma.

Lemma 8: For any L and any realization of (W7, W3), there
are (m1 + my — 1)1 acceptable regular e-sets, out of all
(my1msz)” regular e-sets.

Proof: We first show that for any [ € [L], there are mimq
regular e-sets. To this end, it suffices to show that all transla-
tions of the standard form produce distinct regular e-sets. Con-
sider two translated e-sets with cyclic shifts, (21, 22), (21, 25)
such that z1, 2] € [ma], 22,25 € [ma], (21,22) # (21, 25).
Note that the e-set in standard form contains a column where
each element is labelled by e, so if z2 # 25, the two translated
e-sets are distinct (the column with all e is different). Now
consider the case where zo = 24 while z; # z]. Here the two
translated e-sets are again distinct because the first row of the
e-set in standard form is distinct from all other rows and as
21 # 21, the first row is shifted to distinct rows. Thus in total,
we have (mims)” regular sets.

Next we show that for any | € [L]| and any realization
(1*,5*) € [ma] X [meo] of (W{(l), W4i(l)), there are my +
mgo — 1 acceptable regular e-sets. To see this, note that there
are my + mo — 1 distinct elements labelled with a e in the
standard form. We may shift each element to (i*,j*), and
each such shift corresponds to a distinct translation. Thus in
total, we have (m; +mso — 1)% acceptable regular e-sets. This
completes the proof of Lemma 8. |

Combining Lemma 8 and Lemma 6, we know that com-
municating an acceptable regular e-set to the users requires
L(logy(mimg) — logy(mq + me — 1)) bits with probability
1 — e. The overall achievable scheme is described as follows.
For each realization of (W7, Wy, W{, W3), we use the scheme
from Lemma 6 to find and specify one acceptable regular e-set.
With probability 1 — €, an acceptable regular e-set is found,
and then we use the scheme from Lemma 7 so that each user
decodes the desired message. The number of bits broadcast is
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L(1 — €)[logy(mimsa) — logy(my1 + ma — 1) + logy(m)]. For
the remaining probability e, we directly send (W7, W3). The
number of bits broadcast is 2Le log,(m) bits. One extra bit is
used to identify the cases where (W1, W3) are directly sent.
Therefore,

.. H(S)
H* = inf I

< 1/L|(1 = €) x [(logy(m) + logy(mams)

—log,(m1 +ma — 1)L + € x 2L logy(m) + 1}
(145)

and since € — 0 as L — oo, we have

H* <logy(m) + logy(mims) — logy(my + mae — 1).
(146)

The achievable scheme requires L. — oo (mainly because of
the random binning operation in Lemma 6) which is sufficient
for our purpose. However, non-asymptotic schemes may also
be possible. To show this, let us show an example of an L = 1
scheme when m; = 4,m2 = 3. This example is special
because logy(mims) — logy(mi + mo — 1) takes an integer
value of 1.

A non-asymptotic scheme when my = 4, ms = 3: While
this scheme uses similar ideas as the asymptotic scheme, it is
based on a different definition of the e-set (not obtained by
translations from standard form). Specifically for this example,
the e-set is defined as follows.

71 Y2 3

01|® 71,1 |O T1,2|0 1.3
dz|® a1 |® T 2|0 M3
d3|0 3,1 |® T32|® W33
dg|0 Ta1|0 Tao|® M3

Note that we label the rows and columns by the permutations
d;,7; that we assign as follows to satisfy v;6; = m; ; if (4, j) €
e-set (following the same idea from Lemma 7).

Choose v, to be an arbitrary permutation

Set 1 =7y M1, 02 = 71 ' M21,72 = ma20y ¢ (147)

Set 3 = 7, 'T3,2,78 = T3.305 104 = Y3 M43
If the users know that (W7 (1), W3(1)) € e-set, then sending
Swy1)(Wi(1)) (using logy(m) bits) is sufficient to satisfy
both users’s demands. After receiving dyy;(1)(W1(1)), User 1
applies 6;‘,11, (1) to obtain Wi (1), and User 2 applies vy (1)

to obtain vy 1)dw; 1) (Wi(1)) = mw;)wya)(Wi(1)) =
Wo(1). Interestingly, if (W7 (1), Wj(1)) € o-set, we may
assign ¢;,7; (differently) as follows such that v;0; = m;;
if (i,7) € o-set and sending dyy/(1)(Wi(1)) is sufficient to
satisfy both users’ demands.

Choose ; to be an arbitrary permutation
Set 03 =, 'm3,1,64 =1 'ma1, 2 =m0y " (148)
Set 61 =75 'm12,73 = m130] 02 =5 M3

The only remaining step is to send information so that

the users know (W7 (1), W3(1)) belong to e-set or o-set, for
which 1 bit is sufficient. The broadcast cost thus achieved is
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logy(m) + 1 = logy (m) 4 logy (mims) — logy (my +mg — 1)
bits, which matches the optimal value H*.

B. H* =logy(m) + logy(mimsa) — logy(my + mo — 1) bits
if Minimally Structured

We show that for minimally structured settings, the general
achievable scheme described in Section VII-A is the best pos-
sible, i.e., H* > logy(m)+1og, (mimsa) —logy(my +mo —1)
bits.

We start with a lemma, which is a generalization of
Lemma 4. Interpreted through the lens of induced permu-
tations, Lemma 4 states that if the induced permutation of
a length-4 cycle is a derangement, then given S the set
of feasible (W], W3) tuple values can not include all the
terms of the cycle. The following lemma generalizes the same
argument to cycles of any length. For simplicity, if the induced
permutation of a cycle is a derangement, we say that the cycle
is a derangement cycle.

Lemma 9: For any given realization of .S and for any sym-
bol index [ € [L], the set of feasible values for (W7 (1), Wa(l))
contains no derangement cycle.

Proof: The proof is by contradiction. So, let us assume
that for some given realization S* of S, and some [* € [L],
the set of feasible values of (W (I*), W3(I*)) contains a cycle
of length N,

(al,bl) — (ag,bg) PPN (aN,bN) — (al,bl) (149)

Thus, the feasible values for (W7 (I*), W5(I*)) include all
of the values in the set {(a1,b1), (az,b2), ---, (an,bn)}.
Let A, As,---,Ax denote the corresponding realizations
of Wi, so that we have A;(I*) = a;,j € [N], and
Bi, Bs, -+, By denote the corresponding realizations of W
such that B;(I*) = b;. If a;j = a; then A; = Ay, and if
bj = by, then B; = By. Recall that 7, G denote the decoding
functions of users 1 and 2, respectively. Based on the structure
of the matching computation broadcast problem (43) and the
zero-error decoding constraint (1), (2), we have

G5, (S)ie = Tarbr [Fai (7))

1GB, (S™)]j = Tagbs [Fa,(S™)]
1GB; (S™)]jv = Tasbs [Fa,(S™)]-
(150)
[Gon (S = Tan by [Fan (S
From the definition of a cycle, it follows that
a1 =ay = Ay = Ay
by =bs = By = B3
a3 =ay = Az = Ay
by =bs = By = Bs
(151)
an—1=any = An_1=AN
by =b1 = By =B
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Combining (150) and (151), we have
[gBN (S*)]l* = Tay,by [fAl (S*)]l*
[ng (S*)]l* Tay,by [‘FAI (S*)]l*
[gB2 (S*)]l* Tagz,by []:As (S*)]l*

: (152)
[gBN (gr)]z* = Tan_1,bn [fAN—l(S*)}l*
which implies that

(G (57)] i

(153)

Note that the cycle is a derangement cycle, so the induced
permutation 7Ta17bN7Ta_11’ by Mag,by " W;i,le is a derangement,
i.e., there is no fixed point.

However, note that

Gy (5] = W2(I")
= 7Ta17bN7Ta_11,b27Ta37b2 o 'ﬂ-;i,le (WQ (Z*))’

so the decoding is incorrect. Thus, we arrive at the contradic-
tion which completes the proof of Lemma 9. |

Note that Lemma 9 holds in general, e.g., it is not limited to
minimally structured settings. Next, for minimally structured
settings we show that if a set of values for (W (1), W3(l))
contains no derangement cycle, then the cardinality of the set
is no more than my + mo — 1. The intuitive reason is that a
set of values for (W7{ (1), W4(l)) with more than m; +mz —1
elements over [m] X [mo] must contain a cycle and every cycle
is a derangement cycle for minimally structured settings. This
result is stated in the following lemma.

Lemma 10: For minimally structured settings, if the set
M C [mq] x [mz] contains no derangement cycle, then

—1
1+ = Tai1,bn Ty by Tas,ba " aN 1by Gy (S

M| <my+my—1 (154)

Proof: Since every cycle for a minimally structured setting
is a derangement cycle, we only need to show that |M| <
mq+mg—1 for cycle-free M C [mq] x [mz]. Let the elements
of [m4] x [m2] be mapped to the m; X my table under the
natural ordering. Remove any rows or columns of the table
that have no elements of M, leaving us with m} < m; rows
and m), < msy columns. This cannot introduce cycles, so it
suffices to show that |[M| < mj + mf — 1, for cycle-free
M C [m}] x [m})]. This is equivalent to the original statement
of the lemma, so without loss of generality we can assume
that (m}, m}) = (mq1,mg). Now, find a row or a column of
the table that has exactly 1 element of M. There must exist
such a row or column, because otherwise M contains a cycle.
Eliminate this row or column, and remove the corresponding
element from M. So it now remains to show that |[M| —1 <
m1+me—2, which is also equivalent to the original statement,
i.e., the proof for the reduced setting implies the proof for
the original setting. Continue this step, until there remains
only one row or only one column. Without loss of generality,
suppose in the end we have m; rows and one column. Then
we only have to show that any subset of this table cannot
have more than m; elements, which is trivially true. Hence,
Lemma 10 is proved. |
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The converse proof is a simple consequence of the above
two lemmas. From Lemma 9 and Lemma 10, we know
that given any realization of S, the number of feasible
values for (W{,W3) is no more than (m; + ms — 1)%,
ie., H(W{,W;|S) < Llogy(m1 + mg —1). Then we expand
H(S,W{,W3) in two ways, similar to the proof of Lemma 1.

H(Sa W1/7W2)
H(W{, W3) + H(S|Wy, W3)

= Llogy(mimz) + Llogy(m) (155)
= H(S)+ H(W{,W3|S)
< H(S)+ Llogy(my +mo —1) (156)

= H(9)/L
logy(m) + logy (m1ma)

v

— 1Og2(m1 + mg — 1)
(157)

As H* = inf H(S)/L, the desired bound follows and the
proof of the converse bound, H* > log,(m) +logs (mims) —
logy(my 4+ mo — 1) bits for minimally structured settings is
thus complete.

C. H*

We show that for maximally structured settings, the broad-
cast cost log, (m) is achievable, which is a simple consequence
of Lemma 7. Specifically, we show that although the choice
of 0;,0; in Lemma 7 (refer to (143)) is designed to satisfy

= log,(m) bits if Maximally Structured

Ywl, 611)’1 (158)

= T,/ ’
w1, wh

for all (w},w)) from only a e-set (refer to (142)), in fact it
automatically satisfies (158) for all (w},w)) € [ma] x [mg]
if the setting is maximally structured. Specifically, following
(143), we proceed as follows.

Choose v to be an arbitrary permutation

Set 6y =y 'm11,02 =71 'ma, -

-1 -1
Set y2 = 7T1,251 y V3 = 7T2,352 y T Yme

—1
a5m1 = 71 ’/Tml;l

_ 1
- Wm2,1’m25m2 1

(159)

and show that (158) is satisfied for all (w},w}) € [ma] x
[m2] for maximally structured settings. For any (w},w}) €

[m1] x [mz], we have a length-4 cycle (w} — 1,1) «
(wi — Luwg) < (wjwy) < (wf,1) < (uf =
1,1). As the setting is maximally structured, the induced
permutation Wwiflylﬂ;’llfl,wgwwl,w27ru/11 is an identity.
We have

. -1 -1
Identity = Wwiflylﬂw’rl,wgwwlx%ww/ 1 (160)

(159) _ _
= ’Yléwi—l(')/wééw’l—l) 17711)’1,11;5 (71511)’1) !
(161)
- ’Yléwl—l(sw _1'7 7Tw1,w25w (162)
= Yy 0w = Ta)w) (163)

so that (158) is satisfied for all (w},w}) € [m1] x [ma].

The remaining description of the achievable scheme is the
same as that in Lemma 7. For any [ € [L], we send S(I) =
Swy @y (Wa(l)), which requires logy(m) bits. User 1 takes the
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received dyy/ ;) (Wi (1)) and applies the permutation (5;[,1, o to

obtain Wi (l). User 2 takes the received dyy(y(Wi(l)) and
applies the permutation 7y, (;) to obtain

158 43
Ywi ) Ow: @y (Wa(l)) () Ty, wy ) (Wa(l)) @ Wa(l).
(164)

The broadcast cost thus achieved is log,(m) bits. For maxi-
mally structured settings, we note that it suffices to set L = 1
because there is no need to send additional information in the
manner of Lemma 8. The proof that H* = log,(m) bits for
maximally structured settings, is thus complete.

VIII. CONCLUSION

The computation broadcast problem represents a small step
towards an understanding of the dependencies that exist across
message flows and side-informations when communication
networks are used for distributed computing applications.
Since linear computations are quite common, the capacity
characterization for the linear computation broadcast problem
is significant. The immediate question for future work is to
find the capacity of linear computation broadcast for more
than 2 users. The question is particularly interesting because
even the 3 user setting appears to be non-trivial, i.e., it does
not follow as a direct extension from the 2 user case studied
here. Beyond linear settings, a number of questions remain
open even for 2 users. While the general converse bound of
Theorem 2 uses only entropic structure, it is not known if it
captures all of the entropic structure, i.e., whether the bound
is always tight for the entropic formulation of the computation
broadcast problem. Another interesting problem is to use the
insights from the linear and matching computation broadcast
problems to construct powerful achievable schemes for general
computation broadcast, even for two users. For example, is it
possible to create an efficient a, b, ¢ partition of a general com-
putation broadcast problem? If so, then the optimal solutions
for a and c partitions are already known in the general case,
which leaves us with only the b partition, i.e., the minimally
dependent part of the problem. The matching problems appear
to be the key to the general solution of such settings. The
exact capacity for matching computation broadcast problems
also remains open for settings that are neither maximally
structured nor minimally structured. A remarkable insight from
the capacity characterization for minimally structured settings
is that it is better to exploit local structure even with the
additional overhead cost of identifying this local structure
to both receivers (this overhead is the greatest in minimally
structured settings), rather than the obvious alternative, which
is to ignore the minimal structure and simply use random
coding. The possibility of generalizing this intuition to broader
classes of computation broadcast is worth exploring as well.
Evidently, the computation broadcast problem presents a fresh
opportunity to explore some of the deeper questions in infor-
mation theory regarding the structure of information, in a
setting that is most appealing for its simplicity — involving
only 5 random variables: Wy, W{, Wa, W5, S.
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APPENDIX
PROOFS OF LEMMA 2 AND LEMMA 3

Proof of Lemma 2: From the definition of the rank
function, there exist i = rank(A ) column vectors of the matrix
A that are linearly independent. Denote the matrix formed
by these vectors Ag,,. The column vectors of A are linear
combinations of those of Ay, i.e., X7 A are deterministic
functions of X7 A ;. Therefore we have

H(X"A)=H(X"Aw) (165)

It suffices now to prove that H(XTAg,) < p and
H(XTA,up) > p. It is trivial to see that H(XTAgp) < p
because X7 A, contains only y elements in F;, so its entropy
cannot be more than p in g-ary units (uniform distribution
maximizes entropy). Next, we show that H(XT A) > p.
From the definition of the rank function, Ag,; contains a
square p x g invertible sub-matrix. Denote this sub-matrix
as Agg,,. Without loss of generality, assume A, is formed
by the first o rows of Agyp.

HXTAup)
> HXTAgup | Tpt1, > Tme1, T (166)
=H([z1,22,  ,xu)Asqu | Tpt1,-  Tm—1,Tm) (167)
=H(z1,22,"  ,Tp | Tpg1,  * » Tme1,Tm) (168)
=p (169)

where (168) follows from the fact that A, is invertible
and applying invertible transformations does not change the
entropy, and the last step is due to the condition that
21, , Ty are iid. uniform over IF,. This completes the
proof of Lemma 2.

Proof of Lemma 3: Lemma 3 follows immediately from
Lemma 2. Note that

IXTA;XTB) = HXTA) + HX"B) - HX"[A,B))
(170)
= rank(A) + rank(B) — rank([A, B])
(171)

where we have used Lemma 2 in the last step. Therefore
I(XTA;XTB) = 0 if and only if rank(A) + rank(B) =
rank([A, B]), which is in turn equivalent to that span(A) and
span(B) are independent subspaces. This completes the proof
of Lemma 3.

REFERENCES

[1] K. Lee, M. Lam, R. Pedarsani, D. Papailiopoulos, and K. Ramchandran,
“Speeding up distributed machine learning using codes,” IEEE Trans.
Inf. Theory, vol. 64, no. 3, pp. 1514-1529, Mar. 2018.

[2] S.Li, M. A. Maddah-Ali, Q. Yu, and A. S. Avestimehr, “A fundamental
tradeoff between computation and communication in distributed comput-
ing,” IEEE Trans. Inf. Theory, vol. 64, no. 1, pp. 109-128, Jan. 2018.

[3] Q. Yu, N. Raviv, J. So, and A. S. Avestimehr, “Lagrange coded
computing: Optimal design for resiliency, security and privacy,” 2018,
arXiv:1806.00939. [Online]. Available: https://arxiv.org/abs/1806.00939

[4] R. Tandon, Q. Lei, A. G. Dimakis, and N. Karampatziakis, “Gradient
coding: Avoiding stragglers in distributed learning,” in Proc. Int. Conf.
Mach. Learn., 2017, pp. 3368-3376.

Authorized licensed use limited to: University of North Texas. Downloaded on August 12,2020 at 15:58:52 UTC from IEEE Xplore. Restrictions apply.



3434

[5]

[6]
[7]

[8]

[9]

(10]

(11]

[12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

[20]

[21]
[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

S. Dutta, V. Cadambe, and P. Grover, “Short-dot: Computing large linear
transforms distributedly using coded short dot products,” in Proc. Adv.
Neural Inf. Process. Syst., 2016, pp. 2100-2108.

H. Sun and S. A. Jafar, “The capacity of private computation,” IEEE
Trans. Inf. Theory, vol. 65, no. 6, pp. 3880-3897, Jun. 2019.

M. Braverman, “Coding for interactive computation: Progress and chal-
lenges,” in Proc. 50th Annu. Allerton Conf. Commun., Control, Comput.
(Allerton), 2012, pp. 1914-1921.

T. Lee and A. Shraibman, “Lower bounds in communication complex-
ity,” Found. Trends Theor. Comput. Sci., vol. 3, no. 4, pp. 263-399,
2009.

D. Slepian and J. K. Wolf, “Noiseless coding of correlated information
sources,” [EEE Trans. Inf. Theory, vol. IT-19, no. 4, pp. 471-480,
Jul. 1973.

T. M. Cover, A. El Gamal, and M. Salehi, “Multiple access channels
with arbitrarily correlated sources,” IEEE Trans. Inf. Theory, vol. IT-26,
no. 6, pp. 648-657, Nov. 1980.

T. Han and M. Costa, “Broadcast channels with arbitrarily correlated
sources,” [EEE Trans. Inf. Theory, vol. IT-33, no. 5, pp. 641-650,
Sep. 1987.

M. Salehi and E. Kurtas, “Interference channels with correlated sources,”
in Proc. IEEE Int. Symp. Inf. Theory, Jan. 1993, p. 208.

S. S. Pradhan, S. Choi, and K. Ramchandran, “Achievable rates for
multiple-access channels with correlated messages,” in Proc. Int. Symp.
Inf. Theory (ISIT), 2004, p. 108.

E. Tuncel, “Slepian-Wolf coding over broadcast channels,” IEEE Trans.
Inf. Theory, vol. 52, no. 4, pp. 1469-1482, Apr. 2006.

D. Giindiiz, E. Erkip, A. Goldsmith, and H. V. Poor, “Source and channel
coding for correlated sources over multiuser channels,” IEEE Trans. Inf.
Theory, vol. 55, no. 9, pp. 3927-3944, Sep. 2009.

W. Liu and B. Chen, “Interference channels with arbitrarily correlated
sources,” IEEE Trans. Inf. Theory, vol. 57, no. 12, pp. 8027-8037,
Dec. 2011.

N. Liu, D. Gunduz, A. J. Goldsmith, and H. V. Poor, “Interference
channels with correlated receiver side information,” IEEE Trans. Inf.
Theory, vol. 56, no. 12, pp. 5984-5998, Dec. 2010.

Y. Birk and T. Kol, “Informed-source coding-on-demand (ISCOD) over
broadcast channels,” in Proc. 17th Annu. Joint Conf. IEEE Comput.
Commun. Soc. (INFOCOM), vol. 3, Mar./Apr. 1998, pp. 1257-1264.
Z. Bar-Yossef, Y. Birk, T. S. Jayram, and T. Kol, “Index coding with
side information,” in Proc. 47th Annu. IEEE Symp. Found. Comput. Sci.
(FOCS), Oct. 2006, pp. 197-206.

N. Lee, A. G. Dimakis, and R. W. Heath, “Index coding with coded
side-information,” IEEE Commun. Lett., vol. 19, no. 3, pp. 319-322,
Mar. 2015.

S. Miyake and J. Muramatsu, “Index coding over correlated sources,”
in Proc. Int. Symp. Netw. Coding (NetCod), 2015, pp. 36-40.

S.-Y. R. Li, R. W. Yeung, and N. Cai, “Linear network coding,” I[EEE
Trans. Inf. Theory, vol. 49, no. 2, pp. 371-381, Feb. 2003.

A. A. Gohari, S. Yang, and S. Jaggi, “Beyond the cut-set bound:
Uncertainty computations in network coding with correlated sources,”
IEEE Trans. Inf. Theory, vol. 59, no. 9, pp. 5708-5722, Sep. 2013.

J. Korner and K. Marton, “How to encode the modulo-two sum
of binary sources,” IEEE Trans. Inf. Theory, vol. IT-25, no. 2,
pp. 219-221, Mar. 1979.

T. Philosof and R. Zamir, “On the loss of single-letter characterization:
The dirty multiple access channel,” IEEE Trans. Inf. Theory, vol. 55,
no. 6, pp. 2442-2454, Jun. 2009.

S. S. Pradhan, S. Choi, and K. Ramchandran, “A graph-based framework
for transmission of correlated sources over multiple-access channels,”
IEEE Trans. Inf. Theory, vol. 53, no. 12, pp. 4583-4604, Dec. 2007.
B. Nazer and M. Gastpar, “Compute-and-forward: Harnessing
interference through structured codes,” IEEE Trans. Inf. Theory, vol. 57,
no. 10, pp. 6463-6486, Oct. 2011.

R. Zamir, Lattice Coding for Signals and Networks: A Structured Cod-
ing Approach to Quantization, Modulation and Multiuser Information
Theory. Cambridge, U.K.: Cambridge Univ. Press, 2014.

V. Cadambe and S. Jafar, “Interference alignment and the degrees of
freedom of the K user interference channel,” IEEE Trans. Inf. Theory,
vol. 54, no. 8, pp. 3425-3441, Aug. 2008.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 66, NO. 6, JUNE 2020

[30] S. Jafar, “Interference alignment: A new look at signal dimensions in a
communication network,” in Foundations and Trends in Communication
and Information Theory. Boston, MA, USA: Now, 2011, pp. 1-136.

[31] Z. Zhang and R. W. Yeung, “On characterization of entropy function
via information inequalities,” IEEE Trans. Inf. Theory, vol. 44, no. 4,
pp. 1440-1452, Jul. 1998.

Hua Sun (S’12-M’17) received the B.E. degree in communications engineer-
ing from Beijing University of Posts and Telecommunications, Beijing, China,
in 2011, and the M.S. degree in electrical and computer engineering and the
Ph.D. degree in electrical engineering from the University of California Irvine,
USA, in 2013 and 2017, respectively. He is currently an Assistant Professor
with the Department of Electrical Engineering, University of North Texas,
USA. His research interests include information theory and its applications to
communications, privacy, networking, and storage.

Dr. Sun received the IEEE Jack Keil Wolf ISIT Student Paper Award
in 2016, an IEEE GLOBECOM Best Paper Award in 2016, and the University
of California Irvine CPCC Fellowship for the year 2011-2012.

Syed Ali Jafar (S’99-M’04-SM’09-F’14) received the B.Tech. degree from
IIT Delhi, India, in 1997, the M.S. degree from Caltech, USA, in 1999, and
the Ph.D. degree from Stanford University, USA, in 2003, all in electrical
engineering. His industry experience includes positions at Lucent Bell Labs
and Qualcomm. He is currently a Professor with the Department of Electrical
Engineering and Computer Science, University of California Irvine, Irvine,
CA, USA. His research interests include multiuser information theory, wireless
communications, and network coding.

Dr. Jafar was a recipient of the New York Academy of Sciences Blavatnik
National Laureate in Physical Sciences and Engineering, the NSF CAREER
Award, the ONR Young Investigator Award, the UCI Academic Senate Distin-
guished Mid-Career Faculty Award for Research, the School of Engineering
Mid-Career Excellence in Research Award, and the School of Engineering
Maseeh Outstanding Research Award. His coauthored articles have received
the IEEE Information Theory Society Paper Award, IEEE Communication
Society and Information Theory Society Joint Paper Award, IEEE Commu-
nications Society Best Tutorial Paper Award, IEEE Communications Society
Heinrich Hertz Award, IEEE Signal Processing Society Young Author Best
Paper Award, IEEE Information Theory Society Jack Wolf ISIT Best Student
Paper Award, and three IEEE GLOBECOM Best Paper Awards. He also
received the UC Irvine EECS Professor of the Year Award six times,
in 2006, 2009, 2011, 2012, 2014, and 2017, from the Engineering Students
Council, a School of Engineering Teaching Excellence Award in 2012, and
a Senior Career Innovation in Teaching Award in 2018. He was a University
of Canterbury Erskine Fellow in 2010, an IEEE Communications Society
Distinguished Lecturer from 2013 to 2014, and an IEEE Information Theory
Society Distinguished Lecturer from 2019 to 2020. He was recognized as a
Thomson Reuters/Clarivate Analytics Highly Cited Researcher and included
by Sciencewatch among The World’s Most Influential Scientific Minds
in 2014, 2015, 2016, 2017, and 2018. He served as an Associate Editor for
the IEEE TRANSACTIONS ON COMMUNICATIONS from 2004 to 2009, IEEE
COMMUNICATIONS LETTERS from 2008 to 2009, and IEEE TRANSACTIONS
ON INFORMATION THEORY from 2009 to 2012.

Authorized licensed use limited to: University of North Texas. Downloaded on August 12,2020 at 15:58:52 UTC from IEEE Xplore. Restrictions apply.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Black & White)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /AdobeArabic-Bold
    /AdobeArabic-BoldItalic
    /AdobeArabic-Italic
    /AdobeArabic-Regular
    /AdobeHebrew-Bold
    /AdobeHebrew-BoldItalic
    /AdobeHebrew-Italic
    /AdobeHebrew-Regular
    /AdobeHeitiStd-Regular
    /AdobeMingStd-Light
    /AdobeMyungjoStd-Medium
    /AdobePiStd
    /AdobeSansMM
    /AdobeSerifMM
    /AdobeSongStd-Light
    /AdobeThai-Bold
    /AdobeThai-BoldItalic
    /AdobeThai-Italic
    /AdobeThai-Regular
    /ArborText
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /BellGothicStd-Black
    /BellGothicStd-Bold
    /BellGothicStd-Light
    /ComicSansMS
    /ComicSansMS-Bold
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Courier-Oblique
    /CourierStd
    /CourierStd-Bold
    /CourierStd-BoldOblique
    /CourierStd-Oblique
    /EstrangeloEdessa
    /EuroSig
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Impact
    /KozGoPr6N-Medium
    /KozGoProVI-Medium
    /KozMinPr6N-Regular
    /KozMinProVI-Regular
    /Latha
    /LetterGothicStd
    /LetterGothicStd-Bold
    /LetterGothicStd-BoldSlanted
    /LetterGothicStd-Slanted
    /LucidaConsole
    /LucidaSans-Typewriter
    /LucidaSans-TypewriterBold
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MinionPro-Bold
    /MinionPro-BoldIt
    /MinionPro-It
    /MinionPro-Regular
    /MinionPro-Semibold
    /MinionPro-SemiboldIt
    /MVBoli
    /MyriadPro-Black
    /MyriadPro-BlackIt
    /MyriadPro-Bold
    /MyriadPro-BoldIt
    /MyriadPro-It
    /MyriadPro-Light
    /MyriadPro-LightIt
    /MyriadPro-Regular
    /MyriadPro-Semibold
    /MyriadPro-SemiboldIt
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /Symbol
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Webdings
    /Wingdings-Regular
    /ZapfDingbats
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 300
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 900
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.33333
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /Unknown

  /CreateJDFFile false
  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


